The energy of any domain wall depends on the strains of the medium because of the striction effect, i.e. because of the coupling of the order parameter modulus with the dilatation. We show that the striction is also a cause of attraction between domain walls. The estimations indicate that for displacive systems, this striction-mediated attraction is more important than all other types of attraction considered previously. Therefore, it is the main reason of the discontinuity of the commensurate-incommensurate transitions observed in three dimensional systems of K 2 SeO 4 -type. We study thermal anomalies of this type of phase transitions. Available experimental data about this anomalies for K 2 SeO 4 and Rb 2 ZnCl 4 are in reasonable agreement with the theory developed in this work.
I. INTRODUCTION
It is convenient to describe a commensurate-incommensurate (C-IC) phase transition of type I in terms of the domain walls of the C phase. This transition consist in a spontaneous creation of domain walls which form, in the IC phase, the so-called domain wall lattice close to the transition point (a domain-like structure). 1 The continuity or discontinuity of this type of phase transitions depends on the character of the interaction between the domain walls: if there is any attraction it leads to the discontinuity of the C-IC transition. Since long ago it is known that different mechanisms of attraction take place.
1,2 So there is no doubt that, theoretically, the C-IC transitions are discontinuous. In this paper we propose one more attraction mechanism that is shown to be the most important one, at least for displacive systems.
The attraction mechanism that we consider turns out to be effective by virtue of the interaction between the order parameter and the elastic strain. Specifically it is by way of the coupling of the order parameter modulus with the dilatation (striction effect), which is always present. Being associated with the solid-state elasticity (non-zero shear modulus), this striction-mediated attraction is a long range attraction that takes place between any type of domain walls.
The coupling between the gradient of the order parameter phase and strain tensor components leads to other type of elastic attraction between domain walls (see e.g., Refs. 1, 3, 4 and the references there in), which has been widely studied up to now. Striction-mediated attraction proves to be several orders of magnitude stronger than this type of attraction as we will see below. We will see also that the van der Waals-like attraction, that arise due to the electric field induced by thermal fluctuations of the domain walls, 2 is also weaker than striction-mediated one at least for displacive systems. Therefore, in order to interpret the experimental data, the striction-mediated attraction must be taken into account first of all. Indeed, we will show that the so far reported experimental data about the thermal anomalies of K 2 SeO 4 and Rb 2 ZnCl 4 can be understood within a theory in which only striction-mediated attraction between domain walls is taken into account.
To reveal the origin of the striction-mediated interaction it is convenient to consider a solid with an infinite shear modulus (µ = ∞). In this case, the only possible deformation of the solid is an homogeneous dilatation U. Suppose that a finite density n of domain walls is created in the solid. The domain wall energy depends, naturally, on U. Taking the state without domain walls as the non-deformed one, we present the change of the system energy per volume unit as
were the first term represents the domain wall energy and K is the bulk modulus. Minimizing with respect to U one finds U eq = −nε 1 /K. Then, the change of the energy becomes
where the second term represents the attraction mentioned before. As we show below, this attraction remains in the case of finite µ also (inhomogeneous deformations are allowed).
II. THE C-IC PHASE TRANSITION
A. Striction-mediated attractive interaction
To describe the C-IC phase transition we shall use the Landau free energy expressed in terms of the order parameter of the "virtual" normal-commensurate (N-C) transition. We restrict ourselves to the simplest but important case of two-components order parameter (η 1 = ρ cos ϕ and η 2 = ρ sin ϕ) and an IC modulation along only one direction. Taking this direction as the x-axis of the coordinate system, the free energy difference per volume unit between the non-symmetric phases (IC and C) and the symmetric one (N) can be written as (see, e.g., Ref.
3 )
where the term with ρ 2 u ll , being u ik the strain tensor, represents the striction effect (summation over double indices is implied), α = α T (T − Θ) is the only temperature dependent coefficient, α ′ is related with the anisotropy in the order parameter space and m ≥ 3 is an integer that depends on the system in question. It is necessary to assume that the coefficients β and δ are positive from the stability conditions for the free energy.
Due to the presence of the Lifshitz invariant (σ = 0), the N-IC transition takes place at a temperature T i > Θ defined by the condition α 0 ≡ α T (T i − Θ) = σ 2 /(4δ) (a N-C transition should take place at T = Θ if σ were zero). At the temperature T i the "wave number" of the IC structure is q 0 = σ/(2δ). Because of the anisotropy in the order parameter space, as the temperature is decreased the IC structure becomes a domain-like one, and finally at some temperature T loc , the domain walls disappear in the IC-C transition (so-called lock-in transition).
Mention that, without coupling between the order parameter and the strain (r = 0), the character of the IC-C transition depends on the anisotropy in the order parameter space: only if the anisotropy is weak enough the IC-C transition can be continuous within a theory in which the fluctuations 2 are not taken into account (as that developed in this work). Therefore, it is in the weak anisotropy case were the striction effect (r = 0) results the most interesting.
In order to obtain the thermodynamic properties of the system we must minimize the free energy over all degrees of freedom. The minimization over the elastic degrees of freedom implies to solve the equations of elastic equilibrium
where σ ik = ∂F/∂u ik is the stress tensor which is subject to the conditions σ ik = 0 in absence of external forces ( . . . denotes the mean value). Far enough from the surfaces of the sample, these equations are one-dimensional if the period of the IC phase is much smaller than the sample size, i.e. there only can be variations with respect to x. Then, from the set of equilibrium Eqs.(4) and bearing in mind that there are no applied external forces, we obtain that
On the other hand, the elastic compatibility conditions
are fulfilled only if u zz , u yy and u yz are constants. Taking into account the yz-plane symmetry they must be such as u zz = u yy and u yz = 0. Then from Eqs. (5) we obtain that the non-zero strain components have the form
where K = K + 4µ/3. With these expressions substituted in Eq. (3), the part of the free energy which contain the order parameter has the same functional form of Eq.(3) but without the striction term. It is because u is a constant and therefore, the above substitution can be consider simply as a renormalization of the constants: β → β ′′ ≡ β−2r 2 / K and α → α+2r ′ u, with r ′ = 4rµ/ K. Hence the resulting equations of equilibrium for the order parameter can be solved in the same way as in Ref.
3 , obtaining the free energy close to the lock-in transition as
for the weak anisotropy case (see Ref.
3 ), where
This expression for the free energy must be minimized with respect to u, what is equivalent to impose the conditions σ yy = σ zz = 0. After this minimization the free energy acquires the final form
where
with α c = α c β ′ /β ′′ and β ′ = β − 2r 2 /K. The last term of the free energy given in Eq. (10) represents the striction-mediated attraction between domain walls. Note that it disappears if µ = 0, i.e. striction-mediated attraction is associated with the solid-state elasticity. In the case of elastic anisotropy the strain components u yy , u zz and u yz , which are also constants because of the compatibility conditions [Eqs. (6)], become independent one of each other. In consequence, the renormalization of the constants α and β is different but the equilibrium equations for the order parameter can be solved as before. The resulting free energy must be minimize finally over the three independent constants u yy , u zz and u yz . This minimization give the same qualitative results of the isotropic case but with changes in the constants of Eq.(10).
B. Other contributions to the attractive interaction
At the lock-in transition, the striction-mediated attractive contribution to the free energy Eq. (10) is (taking m = 6 i.e., for K 2 SeO 4 -type crystals)
where ∆K/K ∼ 10 −1 ÷ 10 −2 is the relative change of the bulk modulus between the normal and the incommensurate phases, d at is the interatomic distance, λ 0 = 2π/q 0 ∼ 10 2 d at is the typical wavelength of the incommensurate phase at the N-IC transition, λ loc > ∼ λ 0 is the typical wavelength of the incommensurate phase at the lock-in and T 0 is equal to T at ∼ 10 4 ÷ 10 5 K for displacive systems and to T loc for order-disorder ones. In Refs.
1,3,4 second order terms in which the gradient of the order parameter phase and strain tensor components are coupled, were taken into account in the free energy expansion. Golovko 4 performed the most complete study according to what it is obtained an attractive interaction between domain walls
At the lock-in transition point, the ratio between this contribution and that of the strictionmediated one (both for m = 6) is
having in mind that at this point ρ 4 ∼ β ′ β ′′ /(δq 2 0 ) 2 and taking the ratio between coupling constants as r ′ /r ∼ d at (recall that q 0 ∼ 2π · 10 −2 /d at ). So striction-mediated attraction is clearly stronger than the previously considered elasticity-driven interaction.
Thermal fluctuations of the domain walls induce macroscopic electric fields which generate a van der Waals-like attraction between them.
2 For improper ferroelectrics with m = 6, this contribution to the attractive energy is
where l is distance between domain walls and
3/2 . The both cases described above are possible in the experiments. At the lock-in transition we have
Taking into account that typically Θ − T loc ≃ T loc , one finds that the contribution of van der Waals-like attraction would be greater than striction-mediated one for order-disorder systems (T 0 ∼ T loc ), but it turns to be as much as one order of magnitude smaller than the striction-mediated contribution for displacive systems (T 0 ∼ T at ).
III. THERMAL ANOMALIES CLOSE TO THE LOCK-IN TRANSITION
Let us proceed to the characterization of some thermal anomalies induced by the lockin phase transition, neglecting all attractive interactions between domain walls except the striction-mediated one. Thus, the values q = q e corresponding to minima of the free energy (stable or metastable) are those which satisfy the conditions
At the temperature
e ) it is obtained (∂ 2 F/∂ q 2 ) qe =0 = 0 and, therefore, it represents the limit of undercooling of the IC phase: below this temperature any minimum of the free energy (stable or metastable) corresponds to the absence of the domain walls.
From Eq.(17) and the condition of continuity of the free energy at the lock-in transition point, i.e. F = F c , we obtain
as the lock-in transition temperature and the value of q e at the lock-in transition point respectively.
The latent heat Q of the lock-in transition is
and the specific heat of the IC phase is
with a Curie constant
which depends on q e in the same form than that obtained in Ref. 6 , but with a different temperature dependence of q e (in Ref. 6 it was assumed that a continuous lock-in transition takes place). Note that C p diverges at the limit of undercooling of the IC phase.
For incommensurate ferroelectrics, e.g. crystals of K 2 SeO 4 type, the electric susceptibility in the IC-phase is also interesting. The term of striction-mediated attraction of Eq.(10) is proportional to the square of the domain walls concentration. Then, it does not contribute to the electric susceptibility since the electric field changes the distance between domain walls but not its concentration. Thus, from previous works (see e.g. Refs.
3,7 ) and from Eq.(17) we have approximately (taking q e ≃ q loc ) the electric susceptibility as
with P s being the polarization within the domains. Note that at T = T 1 , the temperature where the specific heat formally diverges, the electric susceptibility remains finite. This might explain the experimental observation reported in Ref. 7 , according to what the maximum of specific heat occurs at a higher temperature than the maximum of the dielectric constant.
It should be mentioned that the compressibility and the thermal expansion coefficient also exhibit an anomaly similar to that of the specific heat. In other words, the compressibility of the crystal in the IC phase close to the lock-in transition can be quite high. However this is valid only for the static compressibility because the "softness" is associated with changes in the domain wall lattice under the influence of the external pressure. Since the domain wall processes are very slow one has to use very low frequencies measurements to probe this "softness".
A. Comparison with experiments: K 2 SeO 4 and Rb 2 ZnCl 4
There is an extensive literature devoted to the experimental study of the anomalies associated with C-IC transitions (see e.g. Ref.
8 ). Those which are focused in K 2 SeO 4 result of special interest for us due to the following reasons. First, it is known that the free energy expansion in the form of Eq.(3) (with only one temperature dependent coefficient) results valid to describe both the C-IC transition and the N-IC one.
6 It allows us, in principle, to calculate the coefficients of the free energy Eq.(10) (which describes the C-IC transition in terms of domains walls) independently on data of the C-IC transition, i.e. the coefficients can be determined from the experimental data about the N-IC transition. Second, there are enough reported data to do it. In fact in a previous work 6 all the coefficients of the functional Eq.(3) were reasonably well determined. Therefore, for K 2 SeO 4 our comparison between theory and experiments can be made with no fitted parameters.
In the interpretation of the experimental data it must be taken into account an important characteristic of the "domain wall systems": they relax to equilibrium so slowly that it is impossible to observe their equilibrium states. It is evidenced in the hysteresis phenomena typical of the IC phases.
9 It implies that the observed thermal anomalies really correspond to smeared phase transitions predicted theoretically for systems in their equilibrium states. Hence, the aim of any comparison between theory and experiments must be to see if the experimental data can be reasonably well explained as a result of the smearing of the equilibrium (theoretical) phase transitions. This fact resolves the apparent contradiction between so far reported experiments, which show a great number of continuous C-IC anomalies, 10 and the theory, which predicts discontinuous C-IC transitions. It motivates also a preferential comparison between integral characteristics such as the enthalpy of the transition.
In order to perform numerical comparisons the concrete coefficients in the free energy Eq.(10) for K 2 SeO 4 must be calculated (the specific elastic response of K 2 SeO 4 must be taken into account, see the Appendix). The ratio a 3 /a 2 is found to be ∼ 10 −2 and therefore, from Eq.(20), it is obtained q loc ∼ 0.1. Consequently the change of the wave vector of the IC modulation would be such that q 0 /q loc ∼ 2. From reported data in Ref.
11 , the experimental value of this ratio is q 0 /q loc ∼ 3.5. The difference between both values can be commented in the following way. First note that the separation between the nearest points to the C-IC discontinuity in the experimental curve of q(T ) (Fig.4 in Ref.
11 ) is about 4 K. But, as it can be seen in Ref.
12 , all the observable C-IC thermal anomaly occurs into a region of about 1 K. Therefore, one cannot be sure that the experimental value really corresponds to the wave vector at the lock-in transition. However, what is more important is the fact that it never corresponds to the wave vector of the IC modulation in equilibrium due to that the relaxation times of the system are much greater than the measurement times. Thus, what really means the experimental ratio q 0 /q loc results somewhat undetermined.
The most detailed study about the thermal anomalies of K 2 SeO 4 was made in Ref. 13 . Unfortunately, the discussion of the reported data was based on a theory in which the prediction of the discontinuity of the lock-in transition is erroneous because no discontinuity is obtainable if the considered model is treated consistently. 3 We proceed to illustrate that the thermal anomaly for the specific heat of K 2 SeO 4 can be reasonably well understood as the smearing of a transition which is discontinuous mainly due to the striction-mediated attraction between domain walls.
For K 2 SeO 4 according to Ref. 6 it is obtained the value a 1T ≃ 0.05 ÷ 0.5 J · mol
and therefore, from Eq.(21) with T loc = 95 K, the latent heat of the lock-in transition is Q ∼ 0.6 ÷ 4 J · mol −1 . This latent heat is enough to be observed experimentally if the transition (equilibrium) were really observed, but its smearing is such that the thermal anomaly observed appears as continuous. 12 In order to estimate the contribution of the Curie anomaly to the enthalpy of the C-IC transition we calculate the difference between the lockin transition temperature and the temperature at the limit of undercooling of the IC phase (the specific heat diverges at this limit). It is obtained a temperature difference of about 0.5 K. From Eq.(23) the Curie constant for the specific heat at the lock-in temperature is
Bearing in mind that all the C-IC anomaly occurs into a region of about 1 K, the contribution of the Curie anomaly to the enthalpy results one order of magnitude lower than that of the latent heat. Therefore, theoretical enthalpy of the C-IC transition is in reasonable well agreement with their experimental value 12 1.1 J · mol −1 , and it can be said that almost all contribution to the thermal anomaly comes from the smearing of the latent heat.
For Rb 2 ZnCl 4 we do not dispose of the data necessary to calculate the coefficients of the free energy in the same way as the before for K 2 SeO 4 . But we can use the experimental value of the Curie constant C 2 ≃ 5 K, which seems not to vary substantially for different samples (unlike to the Curie constant C 1 , see e.g. Ref.
7 ), as well as the data for P s = 0.12 µC · cm 7,15 of Q = 6 ÷ 2 J · mol −1 and
IV. CONCLUSIONS
We have shown that the most universal interaction between the order parameter and the elastic strain (striction effect) leads to a long range attraction between the domain walls. This striction-mediated attraction results to be the most important one for C-IC phase transitions in displacive IC systems. Therefore to calculate the discontinuities at these transitions this interaction is which must be taken into account first of all. Estimations of the thermal anomalies are in reasonable agreement with the experiments.
Recall that we have considered the interaction between the domain walls in the bulk, neglecting the surface effects. The relaxation of the internal stresses and possible changes of the order parameter distribution close to the surface can modify this attraction. The role of the striction effect in the surface properties of the IC phases deserves a special investigation.
Mention that the attraction that we calculate is of general character and it takes place for any type of domain wall. This interaction is quite specific, depending only on the square of the domain wall concentration. One might worry if the stability of the monodomain state, even for non IC systems, can be lost due to this interaction. We have checked that it is not the case at least for the simplest domain wall which should appear for one component order parameter. The attraction between domain walls is important close to the C-IC transition, mainly because the self-energy of a domain wall goes to zero in this region. If the strictionmediated interaction is also important in other situations remains as an open question. The standard procedure to obtain the equilibrium spatial distribution of the order parameter from a free energy like Eq. (3) is to eliminate first all elastic degrees of freedom. However, the resulting free energy contains non-local terms (see below) which make further minimization not so easy. This difficulty can be avoided postponing the minimization over the homogeneous strain components until the final stage. As we have shown in Sec.II.A, this last minimization is over only one independent parameter for an one-dimensional isotropic case. In a general anisotropic case, to follow this procedure implies to minimize at the end over three independent parameters and the algebra, although elemental, becomes cumbersome. Most of the structurally IC crystals are orthorhombic, which reduces the number of independent parameters to two but does not simplify the algebra enough.
This appendix is devoted to show a simple method to treat with IC modulations along one of the principal directions of anisotropic crystals whose elastic moduli are such that c ij = c i δ ij for i = 4, 5, 6 (in what follows we use abbreviated notation where the indices assume values from 1 to 6). In addition of its simplicity, this method is advantageous because allows us to obtain the results for the anisotropic cases from the previously obtained ones in the isotropic case.
The terms of the free energy density which contain the strain tensor have the form
Because we are considering an one-dimensional problem, the compatibility conditions Eqs. (6) indicate that u 2 , u 3 and u 4 are constants. On the other hand, from the absence of external forces it follows that σ i = 0. For crystals with elastic moduli such that c ij = c i δ ij (i = 4, 5, 6), the above conditions imply that u 4 = u 5 = u 6 = 0 and that
is the only strain component which can be inhomogeneous. Substituting this expression into Eq.(A1) and minimizing over u 2,3 we obtain 
and R 1 = r 2 c 11 − r 1 c 12 c 11 , R 2 = r 3 c 11 − r 1 c 13 c 11 .
Note that the functional in Eq.(A3) is essentially the same for both, isotropic and anisotropic cases. The contribution to the free energy Eq.(3) of the second term of this functional can be understood as a renormalization of the coefficient β.
For the limiting isotropic case in which the shear modulus is infinite one obtains 
(recall that β ′ = β − 2r 2 /K). For any other case, comparing Eq.(A3) and Eq.(A6) we have that the expression for this ratio is the same as before but with the renormalized constants
β −→ β − r 
(the index i runs the values 1, 2, . . . 6) we find that a 3 /a 2 = 10 −2 .
